Abstract. For small excursions of an electron within a continuous focusing ion channel, the phase advance of the socalled betatron oscillations of that electron-equivalent to the number of oscillations per unit length of that electron about the central restoring force of the ion's space-charge force in the blowout regime-are independent of the (negligible) amplitude of its radial excursion. Here, we compare this one-dimensional (z-dependence only) model of the betatron phase advance with a two-dimensional (x, z) model that includes the finite transverse excursion of the electrons. For experimentally realized sizes of an ensemble of electrons focused into a continuously-focusing ion channel, the 2-D model predicted phase advance (or number of oscillations) is surprisingly close to that of the 1-D model where the radial excursion is ignored.
INTRODUCTION
When a bunch of electrons are accelerated or decelerated in a plasma wakefield accelerator (PWFA) in the blowout regime, electrons in the bunch that reside in the region where the plasma electors have been completely expelled (the longitudinal region marked "Blowout" in Fig. 1 ), these electrons will exit the plasma with a "betatron phase advance" that depends only on their initial and final energies. [1] Experimentally, the relative betatron phase advance-necessarily a function of the longitudinal or "slice" coordinate for finite energy-spread output beam with perhaps a correlated energy spread-can often be observed on an imaging spectrometer as "scalloping" of the observed output spectral brightness vs. final energy, as was noted in the FIGURE 1. A slice of the plasma electron density from the 3-D quasistatic code QuickPIC (outer species in a blue or light countour), the drive-beam electron density (inner species in a darker color contour) and of the on-axis longitudinal electric field (right-axis scale, red curve) vs. k p ξ (horizontal axis) and k p x (vertical axis) near the middle of the plasma (s ~ 15 cm). The current profile of the electron bunch is shown in relative units as the curve at the bottom of the plot. The region labeled as "Wake is forming" is where the on-axis electron density is finite (up to k p ξ ~ 4) and behind this point the on-axis electron density is zero; a good indication that the wake is in the so-called blowout regime 'energy-doubling' results from earlier experiments at SLAC's Final Focus Test Beam Facility (FFTB) [2] where there was a distinct structure of the spectral count density vs. energy. Similar scalloping, referred to as a "betatron ladder", was noted in Ref. [1] and this structure was claimed to be quite well explained by a surprisingly simple analytic formula (Eq. (1) below), even with the explicit approximation of a flat-topped plasma density profile having a width equal to the FWHM of the measured profile and the sane peak density of the singly-ionized Li vapor column, a self-similar (or non-evolving) wake, and the implicit assumption that the amplitude of radial excursions of the electrons was negligible. The betatron ladder was found to be composed of output energies E final where the number of betatron oscillations Nβ between the energies of these scalloped features changes by integer numbers. The good agreement of the simple model and the energy locations of the "steps" on this betatron ladder may be surprising as the simple analytical expression discussed below has no radial dependence; that is, there is an approximation that the amplitude of the betatron oscillations have negligible amplitudes, as if in matched-beam propagation. In this paper, we test that approximation using a more standard accelerator-physics model of numerically propagating the Twiss parameters of a finite size beam (i.e.; a non-matched beam) through the plasma with beam sizes typical of those delivered to the FACET facility [3] at SLAC National Accelerator Laboratory. 
TWO MODELS FOR THE BETATRON PHASE ADVANCE Simple model; analytic calculation of phase advance
From here and henceforward, we will interpret the final betatron phase advance ψ(ξ k ,L) in terms of the phase advance required of a particular slice k of the beam at the longitudinal coordinate ξ k to undergo a number of oscillations of its envelope N k (ξ k ,L) after exiting the plasma; that is;
An intuitive definition for N k is the ratio of the plasma length L to the (integrated) betatron period of the k th slice of the beam. The betatron period is given by 2π/(it's spatial frequency) =
where the special frequency of the beam envelope is twice that of an individual beam electron [4] . Here ω pi is the ion density, γ(ξ k , s) is the Lorentz factor of the electron beam slice at the coordinate (ξ k , s), ξ k is the slice coordinate within the bunch (ξ k = z k -ct k ); i.e., the distance of that slice behind the head of the bunch that is driving the wake, and s is the distance the beam has propagated into the plasma (s >> ξ k ) in the laboratory frame.
The general expression for N k at the plasma exit thus is given by [1] 
In the middle version of Eq. (1), E z (ξ k , s) is the longitudinal field of the wake that has also been expressed as the normalized accelerating gradient G(ξ k , s). To reach the final form of Eq. (1), we have assumed a non-evolving wake and a constant ion-channel density for a slice at ξ k and recognize that L = L eff . Implicit in the (1-D) Eq. 1 is dE z (ξ k )/dx = 0-valid for either a negligible radial excursion of the electrons or, for finite excursions, if E z is independent of radius, as should be in an ion column according to the Panofsky-Wenzel Theorem.
[5] For a given plasma density, N k for the k th slice of the beam is related to its initial energy E 0 (which we will approximate as independent of ξ), L eff , and the final energy of that slice E k,final (ξ k ). For our non-evolving wake, the final energy is E 0 + the gradient-length product for the slice at ξ k . Note that for a non-evolving wake and a matched beam, the red curve for E z in Fig. 1 is independent of s implying that the final energy depends only on the slice coordinate ξ k .
According to Eq. (1), if there is a betatron feature in the output spectrum (one of the scallops or, so to say, a step on the betatron ladder) at an energy E k having undergone N k betatron oscillations, then there will be a lower energy feature at E k+1 that has undergone exactly one additional envelope oscillation. By measuring E k and E k+1 in an experimental spectrum, a unique effective plasma length L eff can be determined. Once L eff is determined, all other steps-all other E final such that the change in N k is an integer-can be found for that experimental spectrum as long as E final was one of the beam slices still within the blowout region of Fig. 1 . This was one of the findings of Ref. [1] . Interesting, perhaps, is if this betatron ladder extended to the to the slice where the final energy was minimum, one can image putting a shape to E z (ξ), or at least obtaining a single-shot estimate of the so-called transformer ratio.
Accelerator-physics model; advancing the beam's Twiss parameters
The model that we compare to Eq. (1) is given by the propagation of the incoming beams's slice Twiss parameters α, β, and γ with a conserved normalized emittance ε n . To do this, each slice ds of the plasma (numerically, ds = 0.1 mm for this work) of the plasma is modeled as a thin lens, focusing equally in the two transverse directions with a (focusing) strength parameter Figure 3 shows a result of this model, which will be discussed further in the RESUTLS section.
The results of each of these two models will be compared below in the RESULTS section.
Betatron phase advance in the absence of full blowout
Locations in ξ k where the plasma electrons have not been blown out-typically in the ~ first half of the bunch (if there is only one bunch) or within the drive bunch if in the case of a two-bunch experiment [6] -the betatron phase advance is completely different than for full blowout assumed in Eq. (1) . Since the wake is still forming, the net ion density has a weaker restoring force and thus lessens the betatron phase change seen by different longitudinal slices. Such a result is implicit in Fig. 2 of Ref. [6] where the spacing of the betatron features with energy strongly suggests the drive bunch was not in full blowout. One advantage of the simple model of Eq. (1) is that, if the number of betatron oscillations in an experiment can be counted, then the ion density in Eq. (1) can be adjusted for the energy location of each oscillation and thus obtain an estimate of the degree of blowout during the formation time of the wake.
RESULTS
We first present the implications of Eq. (1) and then compare the more traditional calculation described by Eq. (2) to the results from Eq. (1) .
Implications the analytical model of Eq. (1)
As discussed earlier with respect to Eq. (1), each step on the betatron ladder, at an energy E final , has undergone one additional betatron oscillation than the next higher-energy step. Figure 1 shows a more general plot of Eq. (1) where we have chosen the electron density as 2.5 x 10 17 cm -3 (to match the experiment of Ref. [1] ) and found the contours of constant Nβ in the parameter space of (E final , L eff ). One can immediately see that Nβ increases for both a longer L eff or a lower E final . We will now compare this general solution of Eq. (1) with the alternative calculation of propagating the Twiss parameters of a finite size beam in a plasma of length 27 cm and at the same density of 2.5 x 10 17 cm -3 as for Fig. 1 .
Results of the Twiss-parameter propagation model
For this calculation, we take a beam with properties close to the experimental properties discussed in Ref. [1] ; that is, spot size σ x ~ 30 µm, normalized emittance ε n ~ 300 mm-mrad, E 0 = 20.35 GeV, and a waist location near the plasma entrance. We approximate the plasma as having the actual maximum density of 2.5 x 10 17 cm -3 but with a flat-topped profile over the measured 27-cm FWHM of the plasma. Figure 3 shows the beam size σ x as it enters the plasma, oscillates within the plasma (the betatron oscillations) and as it leaves the plasma for a beam-slice accelerated at a gradient of about 120 GeV/m, exiting at E final of about 53 GeV. Also shown is the assumed plasma profile as well as the beam size evolution in the absence of a plasma. Note the larger radial excursion with distance s as the restoring force of the fixed ion density becomes less effective as the beam energy increases. For the same reason, the spacing of the betatron pinches within the plasma increases with distance. € ≤ E final € ≤ 53 GeV) defined as dσ x /ds outside the plasma. Depending on the optics in the imaging spectrometer, there will be an ~ optimum exit angle for observing a spectrally bright feature in the spectrometer's spectral count density vs. energy. Although this has not been fully studied as of yet, one can argue that the large exit angle gives a good "f-number" for tightly imaging or, alternatively, that the small exit angles minimize particle losses within the transport system. Note the reduction of the exit angle and the increasing energy-separation of each lobe of this exit angle as E final increases. This is due to the progressively increasing E final . Note also that the stepwise change in the (integer) N β occurs when the beam-slice exits the plasma as ~ collimated. The E final 's corresponding to the calculated integer-valued Nβ(E final ) (varying from 23 Fig. 4 are also shown as horizontal dashed lines in Fig. 2 .
Comparison of the two models
The Nβ vs. E final results from Fig. 4 are overlaid on the contour plot of Fig. 1 . For each E final for which Nβ increments (based on Eq. (2)), there is a horizontal dashed line. If the two models agreed, there would be a vertical line at some effective plasma length that intercepts all the pairs of (E final , k Nβ, k ) of Fig. 4 . Indeed, a vertical line at L eff = 27 cm, used to generate Figs. 3 and 4, passes extremely close to the pairs (E final , k Nβ, k ) generated by the simple model of Eq. (1). The two models thus agree extremely, well suggesting that the spot size variations included in Eq. (2) has not affected the "matched-beam" integrated phase advance of the betatron oscillations to any significant degree.
CONCLUSIONS
A simple, 1-D model was recently found to explain the experimentally observed variations in the betatron phase advance observed as clear, energy-dependent "steps" on an otherwise continuous output energy spectrum. These energy-dependent steps or modulations of the measured spectral brightness of the output energy spectrum-the "betatron ladder"-could then be interpreted as due to a "periodic" variation of the divergence of the slice-(or energy-) divergence of the beam electrons as seen on the imaging spectrometer. Here, periodic means integer changes in the final values of the (mod-π) betatron phase advance. The simple model took the assumption of electrons propagating through an ion column with a constant (although beam-slice dependent) accelerating field. [1] That conclusion is now strengthened by comparing that simple model with a more standard accelerator physics model of propagating the beam's Twiss parameters through the plasma (a 2-D model). In this paper, the two models are found to agree to within a fraction of a betatron oscillation. Although not discussed here, the Twiss parameter propagation model was extended to the actual measured plasma profile that includes the inevitable density ramps at the entrance and exit of the plasma. In this case, it was found that the effective plasma length is quite close to the FWHM used here. Interestingly, by measuring the broadest range of features on the betatron ladder, a single shot output spectrum can give, at least, a lower bound on the so-called transformer ratio.
